GL (2) to GL (3) , then π ′ ≃ π ⊗ χ for some character χ. So Theorem A elucidates the fibre of π → Ad(π).
Our proof of Theorem A reduces it, by the factorizability of the conductors, to a local statement, and further to statement about discrete series representations of GL(n, F v ), and then make use of the local Jacquet-Langlands correspondence to a question about twists of (finite-dimensional) irreducible representations of the (multiplicative group of the) division algebra D of dimension n 2 over F v of invariant 1/n, where we appeal to some known results of Koch and Zink. (One can also work in the framework of Moy and Prasad.) In our result, χ need not have finite order. Thus it is natural to ask for such a bound for the full analytic conductor, which includes an archimedean analysis. This is done in the last section, see Theorem B therein.
D. Prasad has referred us to the preprint ( [2] ), which also treats character twists, but goes in another direction.
We thank Kaisa Matomäki, Dipendra Prasad and Maksym Radziwill for their interest.
Representations of Central Division Algebras
Let v be a non-archimedean place of F. Let o Fv be the ring of integers of F v . Let ̟ v be a fixed uniformizer. Let ord Fv be the valuation normalized such that ord Fv (̟) = 1. Denote by 
via the ǫ-factor. Then one has the following level-conductor formula ( (4.3.4) in Sec. 4.3 of [8] ), which is well known for n = 2.
Remark. One can state (2) equivalently in terms of Moy-Prasad depth ( [9] and [10] ).
where ⌈·⌉ is the ceiling function. Note that χ v is trivial on U ⌈k/dv ⌉ (F v ) if and only if χ v • Nrd is trivial on U k (D v ). Then by definition, we have
Then Lemma 3 follows from (3) and (4).
1.2.
The Local Jacquet-Langlands Correspondence. We recall briefly the Jacquet-Langlands correspondence here. Let
) be the set of equivalence classes of irreducible essentially square-integrable representations of
Representations of the Weil-Deligne Group
Let v be a non-archimedean local place of F. Let σ v be a semisimple, finite dimensional representation of the Weil-Degline group
where each σ v,i is indecomposable, occurring with multiplicity
Let χ v be a character on the Weil group W F,v with conductor Q v . Denote by
Proposition 4. Let notation be as above. Assume σ v is irreducible. Then either
where the equality holds if
Hence it follows from formulas (3), (4) and the assumption dim
Therefore, applying the Jacquet-Langlands correspondence in conjunction with the local Langlands correspondence ( [7] and [6] ) we get Ar(
So we have (6), which implies, by Lemma 3, that
. Therefore, the equality of (5) 
Fact 5. Let notation be as before. Suppose σ v is indecomposable. Then there exists an irreducible representation ρ v of the Weil group W F,v such that
Corollary 6. Let notation be as before. Then
Proof. The conclusion is obvious when each dim σ v,i = 1, 1 ≤ i ≤ r. Without loss of generality, we may assume σ v is indecomposable and not unramified. Then by (7) one can write
where ρ v is an irreducible Weil-Degline representation and l ≥ 1. Then ρ v is not unramified. Therefore, we have Ar(
Then Corollary 6 follows from Proposition 4 and the fact that dim ρ v = dim σ v .
Proof of Theorem A
Let us note, before commencing the proof of Theorem A, that it is not hard to check that Q ≤ (N 1 N 2 ) n . By the factorizability of conductors, it suffices to see this at each finite place v. If σ i,v , i = 1, 2, is the n-dimensional representation of the Weil-Deligne group at F v , associated to π i,v , by the local Langlands correspondence ( [6] and [7] 
Proof of Theorem A.
Let v be a nonarchimedean place. Let σ i,v correspond to π i,v under the local Langlands correspondence. Decomposition σ 1,v into indecomposable components: 
2,v )}, j = 1, 2, then from the condition when the equality holds therein, we obtain that Ar(χ v ) = Ar(σ (j) 2,v )), for j = 1, 2. Therefore, we deduce that
Hence Claim 7 follows.
Remark. Towards the extreme cases of Theorem A, we have 1. Let notation be as before. Let π 1 = Ind(χ 1 , χ 2 ) be an induced representation of GL(2, A Q ). Let p 1 , p 2 be two distinct primes. Suppose χ i has arithmetic conductor
, and π 2 = π 1 ⊗χ. Then both π 1 and π 2 have arithmetic conductor p 1 p 2 , namely, N 1 = N 2 = p 1 p 2 . Also, χ has arithmetic conductor Q = p 1 p 2 . And we thus have Q 2 = N 1 N 2 .
2. Let π 1 be a cuspidal representation on GL(n, A F ) such that for every finite place v, π 1,v is a discrete series whenever π 1,v is ramified. Suppose further that n | Ar(π 1,v ), for each finite place v. Let χ be an idele class character of Artin conductor exponent Ar(χ v ) = Ar(π 1,v )/n, for any finite place v. Let π 2 = π 1 ⊗ χ. Then it follows from Corollary 6 that n Ar(χ v ) = max{Ar(π 1,v ), Ar(π 2,v )}, for all finite place v. Thus Q n = [N 1 , N 2 ] in this case.
Comparison of Analytic Conductors
Let π be unitary cuspidal representations on GL(n, A F ), where F is a global field. Denote by Σ the set of places of F.
, where Re(s) ≫ 0. Let Σ ∞ be the set of archimedean places of F. To define analytic conductor of π, we need to recall the definition of each
In this section,we fix a place v ∈ Σ ∞ , denote by σ v the n-dimensional WeilDeligne representation corresponding to π v under the local Langlands correspon-
, which is a product of Gamma functions. Write
where each σ v,j is an irreducible representation of the Weil group W F,v . Hence,
To define archimedean conductor, we shall describe each L v (s, σ v,j ⊗ χ v ) explicitly. Since our approach is using Langlands classification ( [3] ), we will separate the cases when F v ≃ R and F v ≃ C.
So all irreducible representations are one dimensional. We may write any such characters as
Define the archimedean conductor of σ v,j ⊗ χ v in this case to be
Case 2: Assume that
(a) If dim σ v,j = 1, then its restriction to C × is of the form τ 0,νj for some ν j ∈ C ( (3.2) of [?]). Also, we can write χ v = τ 0,ν ′ for some ν ′ ∈ C. In this case, we have
where Γ R (s) := π −s/2 Γ(s/2). Define the archimedean conductor of σ v,j ⊗ χ v in this case to be
we may assume that σ v,j is induced from C × to GL(2, R) by τ kj ,νj , where k j ∈ N ≥1 and ν j ∈ C. Then σ v,j ⊗ χ v is induced from C × by τ kj ,νj +ν ′ . The L-factor is defined to be
Definition 8. Let notation be as above. Define the archimedean conductor of π v ⊗ χ v to be (11), (12) or (13). Let N (π × χ) be the arithmetic conductor of π × χ. We set
to be the archimedean conductor of π × χ. And let
be the analytic conductor of π × χ.
Recall that π 1 and π 2 are unitary cuspidal representations on GL(n, A F ). Denote by σ i,v the Weil-Deligne representation associated to
where each σ i,v;j is an irreducible representation of W F,v . Hence,
Case 1: Assume that F v ≃ C. One can write σ i,v;j = τ ki,j ,νi,j , k i,j ∈ Z and ν i,j ∈ C, 1 ≤ j ≤ r. Also, one can write
Case 2: Assume that F v ≃ R. If dim σ i,v;j = 1, then its restriction to C × is of the form τ 0,νi,j for some ν i,j ∈ C. Also, we can write χ v = τ 0,ν ′ for some ν ′ ∈ C. In this case, we have
Moreover, the above bound is sharp.
Proof. Since dim σ 1,v;j = 1 or 2, we shall discuss the two cases separately.
Case I. Suppose dim σ 1,v;j = 1. Then dim σ 2,v;j = 1. Hence by (16) we have
Suppose σ 2,v;j (j) = σ 1,v;j (j) = −1. By Corollary 2.5 of [5] , | Re(
Case II. Suppose dim σ 1,v;j = 2. Then dim σ 2,v;j = 2. Hence by (17) we have
Let σ i,v;j be induced from C × by τ ki,j ,νi,j , where k i,j ∈ N ≥1 and ν i,j ∈ C, 1 ≤ i ≤ 2. Then σ 1,v;j ⊗ χ v is induced from C × by τ k1,j ,ν1,j +ν ′ . Hence k 1,j = k 2,j and ν 1,j + ν ′ = ν 2,j . Then by triangle inequality we have
Recall that in this case
Let σ i,v = ⊕ rv j=1 σ i,v;j be the decomposition of σ i,v into irreducible representations. Let r l be the number of σ i,v;j 's such that dim σ i,v;j = l, 1 ≤ l ≤ 2. Then r 1 +2r 2 = n. It the follows from (19) and (20) that
Thus (18) follows. Moreover, from the above proof, it is clear that the equality in (18) holds if r 1 = n (so r 2 = 0) and ν 1,j = −1, ν 2,j = 0, for all 1 ≤ j ≤ r v .
Proof. Since F v ≃ C, we can write σ i,v;j = τ ki,j ,νi,j , k i,j ∈ Z and ν i,j ∈ C, 1 ≤ j ≤ r.
By triangle inequality we have
On the other hand, we have the following inequality:
Therefore, by Claim 11, one obtains the upper bound for C v (χ v ) :
(1 + |ν i,j + |k i,j |/2|) 2 .
Hence, by (11) we have C v (χ v ) ≤ 9 · C v (σ 1,v;j )C(σ 2,v;j ). Invoking with the decomposition σ i,v = ⊕ rv j=1 σ i,v;j we thus get
Therefore, (21) follows.
Proof of Claim 11. Remark. Our proofs of Lemma 9 and Lemma 10 would imply an explicit version of Lemma A.2 in [4] (in the case when n = n ′ ). Also, the original proof of Lemma A.2 there is not quite complete as the inequality chain right above (A. 13) (see P. 14 of [4] ) is not correct for k = 1.
Let C 1 (resp. C 2 ) be the analytic conductor of π 1 (resp. π 2 ). Let χ be a Hecke character on F . Denote by C the analytic conductor of χ.
Theorem B. Let notation be as above. Then 
